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ABSTRACT

As we know, let alone to find the determinant diritte matrix, it is difficult to find the determamt of some n x
n matrixes by the usual methods like, the cofantethod and Crammer’s rule. But now we will show hiowfind the
determinant of some n x n matrices and how to tireddeterminant of some infinite matrix by usingn@gating Functions.
In this paper we will consider matrices having drsthe supper diagonal, 0's on the upper and rgntries on each
diagonal below the supper diagonal. Here we wjlhiow to obtain the determinant of n x n upper d¢eftner sub matrix of
a giveninfinite matrix by introducing Generating functions of some segasrand how to get a sequence by calculating
the determinant of n x n upper left corner sub madf infinite matrix. We will also check the coatmess of the

determinant by using Numerical method
KEYWORDS: Infinite Matrix; Determinant of Matrices; Generajifrunctions; Sequences; Sub Matrix
1. INTRODUCTION

To understand the whole work, it is better to kravout a matrix, determinants, Generating functieoms some

sequences. So we will discuss these terms beferadtiual work.
What are Generating Functions?

One of the main tasks in combinatorics is to dgwétmls for counting. Perhaps, one of the most pauvéools
frequently used in counting is the notion of Getiatafunctions.Generating functions are used to represent segsience
efficiently by coding the terms of a sequence affaients of powers of a variable x in a formaWwsy series. Generating
functions can be used to solve many types of cogmiroblems, such as the number of ways to sefetistribute objects
of different kinds, subject to a variety of congits, and the number of ways to make change fasllardusing coins of
different denominations (Discrete Mathematics atsd Applications, Seventh Edition, Kenneth H. Roddanmouth
University (and formerly AT&T Laboratories page 53 mathematics a Generating function is a forp@aler series
whose coefficients encode information about a secgi¢a,} that is indexed by the natural number n. Genagafunctions
can be used to solve determinants of some nxnhardan infinite matrix by relating the terms of gexjuence for which
we get a generating function to the determinargrofipper left corner nxn matrix of an infinite nimatrEven though there
are various types of Generating functions, in p@per, we introduce the idea of ordinary generdtimgtions(OGF) and
look at some ways to manipulate them. Even thoughowly consider the ordinary Generating functiores will also
define Exponential Generating functiofi&GF) in this paper.

We begin with the definition of the generating ftion for a sequence.
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| 36 Masreshaw Walle Abate

Definition

Ordinary generating function (OGF) supposes wegiven a sequencey,aa;, the ordinary generating function
(also called OGF) associated with this sequenteeisunction whose value at 3]& , a;x‘. The sequence a0,, @ called
the coefficients of the generating function. Peoplen drop “ordinary” and call this the generatifumction for the
sequence. This is also called a “power series” lmdt is the sum of a series whose terms involeeeps of x
(CHAPTER 10 Ordinary Generating Functions)

l.e Let (a,) = (a4, ay, ..., a,, ...) is @ sequence of numbers. The Generating fundtionthe sequenceay) is

defined to be the power series:-

i)A(x) = Zar X' = ay+ ayx + ayx? + azx3+... for Ordinary generating function (OGF)
r=0

00 Xr X X2 3 Xr
i) AX) = ZaTF:a0+a1£+aZE+a3§+.... aTF for Exponential Generating function
r=0 H H . H

(EGF).

Some Examples of Generating Functions of Some Seques

is the ordinary Generating function

D(11L..) o L+x+x?+x°+..=> X" =
n-0

2 3

111 2 X' X° X . _ . ,
i) (L, —,—,—,... Z— 1+ Xx+—+— +....is its exponentiaGenerating function.
234" = I 20 3

i) (1,2,3,4,..) o 1+2x+3%+4xX+...= is the generating function for counting numbers .

1
@-x)
iv) The generating function for the sequence (k°ki,...), where k is an ordinary constant is

L

1+kx +IAE + 1I3E +...=

V{(1-1,1-1,..) o 1-x+x*=-x3+ .:#:i
1-(-x) 1+x
viy( 1,a,4&,..) o 1+ax+éx2+...:1i
vi)( 1,0,1,0,1,..) o 1+X%+x*+x+...= 1 ! 5
- X

Two Generating functions A(x) and B(x) for the seqce (3 and (b), respectively are considered equal

(written A(X) = B(x)) < a=1b Di LI N . In considering the summation in a Generating tiong we may assume that x
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has been chosen such that the series convergiegtnve do not have to concern ourselves so mitththwe questions of
convergence of the series, since we are only isttedein the coefficients. Ivan Niven [N] gave araient account of the
theory of formal power series that allow us to ignguestions of convergence, so that we can addrattiply formal

power series term by term like polynomials.

The technique of generating function is useful fie study of at least one sequence, that is, thenbai

coefficients.
1.2 OPERATIONS ON GENERATING FUNCTIONS

Let A(X) = ata, x+a X2 + a x>+... and B(x) = btb, x+h, x> + b; x*+... be the generating functions for the
sequences (gand (l respectively, then

1.2.1 Constant /Scaling/ Rule

(ca, ca, Ca, Ca_Cad..) « CA(X).

Proof
( ca, ca,cCa, Ca. ) « Ca.Cax+CaX+cax’ +..
=C (atax+tax’+agx>+...) = cA(X)
1
« EgIf ( 1,234,.) o 1+2x+3%¢+ 4¢+.. =——— and ¢c=2, we have

1-x)

2
(1-x)2

=2+ 4x + 6x% + 8x3+....o (2,4,6,8,10,...)

1.2.2 Addition Rule
A(X)+B(x) is the generating function for the seqoeric) where ¢&= a+ b,
r=0,1,2,3...
Proof
AX)+B(X) = (aytax+a X2 + a5 x+...) + (tbx+bx® + by x+...)
= (@t bo) + (a + b)x+( &+ bp)x® +(a+ by )X+,
= Gyt OX + OXo+ CXCH...
Where ¢= a+ b, r=0,1,2,3...

eg. ifA(x) = = 14+2x+4x2+8x3+ o (1,248,.. )

1
1-2x

Bx)=—=3(2) =31 +3x+ 922 +272% + ) =3+ 9x+27x +81x° +- o (3927,.. )

ThenA(x)+B(x)—11 b3 o 47X o (4,11,31...)

2x 1-3x 1-5x+ 6x2
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1.2.3. Product Rule

A(X)XB(X) = @by + (abyt+ abg)x +( @byt ab; +ahg)x?....is the generating function for the sequenge \ihere

C= &by + ab.1+.... a4y b+ aby, r=0,1,2,3,...

Proof

To evaluate the product A(X)B(x) let us use the following table.

Table 1 Product Table

agbﬁ—b Elgb1X ﬂgbg)zL, ﬁnnga. .

ﬂlng‘/ 1b1X'/'31ng/ 311')3X4 -
b / .
a'_nbg X agb1X3 agng4 agb3X5 ..

ﬂ3ng3 ﬁgb1X4 ﬂ;ngs ﬂ3b3Xﬁ S

If we follow the arrow, we get the required product

Eg. IfAX) < (1222,)

1
AK). BO) = ()

+
X andB(X) « (1,1,1,..) o i then
X 1

1-x 1-X

-y

o (13579..)

Using the product rule we have the following:

(1-x) A(x) is the generating function for the sence (¢) where

c=aand¢a-a_forallr=1and

% Is the generating function for the sequengevibere?

C= gptat at+... + aforallr.

Remark

2

since€ =1+ X+—+—+.. +—+..... and
2 3

2 3
X X

§ X
e =1l-x+ - +..+ (-1
3 -1

2

n X

n
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ex+e—x X2 4
Then we have——=1+ —+—+...= COSX and
2 24
ex _e—x 3 5
= X+—+—+...=sinx
2 3 5

1.3.4. SHIFT RIGHT RULE
Suppose A (X) o (&, a a.. )
=>XxAX) < (0, & aa, )
=>X’A(X) < (0,0, @, a2, )

X"AX) < (000...08 A& )
m-zero
1.2.5. THE DERIVATIVE RULE
If ( @a,a&.) < AKX),then( a2 3a, ...) < A'(X)
Proof

(@ a,d..) o AX)=a+ax+agx +ax+..

= dd—A(X) = a+2a X + 3ax’+... = A(X) o (a 2a, 3a°...)
X

e Eg.{(111,.) o ﬁ =1+ x+X+X+...= AX)

— d ( 1 j: 1 = 1+2x + 3%+... o (1,2,3,4..) =A(X)
dx \1-x) (1-x)?

AndxA(x) « (0,1,2,3.) « (1 )2
- X

o x ) (1+x)
Hence [xA'(X)] = (1_ X)2 = (1+ X)3 < (1,4,9,16,.) (square number Sequence)

Note]x™| Given a generating function A(x) we (is8] A(x) to denote g the coefficient of X ( 270 Chapter 10

Ordinary Generating Functions)
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MATRIX AND DETERMINANTS
Definition
A matrix isa rectangular array of mn quantig 5: 123....m&
j=123...n
Xn matrix or a matrix of order ¥ n and read as m by n matrix. The numbgrare called the elements (constituents or
coordinates or entries) of the matrix and we wéhdte the matrix by {& or A. The suffix ij of an element;aindicates

that it occurs in the"irow and ' column. when n=m we call this a square matrix. &square matrix nxn, if-a « then

J in m - rows and n- columns. It is called an m

the matrix is called an infinite matrix.

a; &, &3 - - &,
aZl a22 a23 ot a2n
In Explicit form A= S rows
. .
anl an2 an3 " " ann

E Columns

NOTE

1) If A= {aj}mxnand B={l3} nxpand AB =C, then C = {g mxp

n
Where cij =z a;hy
k=1

2) For any matrix

The supper diagonal

The main diagonal

Sub diagonal

MATRIX MUITIPLLCATION

Two matrixes A and B are conformable for the praddB when the number of columns in A is equal te th
number of rows in B. If A is an m x n matrix andi8an n x p matrix then their product AB is defireslm x p matrix
whose (ij)" element is obtained by multiplying the elementd " row of A in the corresponding elements of the j

column of B and summing the products so obtainedths (ij)" element of the product AB is the inner producthf ith
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row of A and the {"column of B.

DETERMINANTS

Definition

Determinant of a matrix A is a specific real numbssigned to A It is denoted by det (A)|é\1 Or for n>1 the

determinant of an n x n matrix A=;faalong the first row is the sum of n-terms of tbem + &; det A; with plus and minus

signs alternating where the entrigs @&, ay3...a, are from the first row of A.

n
In symbols, det A = adet A - a, det A, +... + (-1)™ &, det A, =Z (-1) " &y Ay and det A is the
=1

determinant of the sub matrix which is obtaineddyoving the ¥ row and thej column.

14

Actually det Aj;is called the minor ofigand (-1)"" &; det Ay is called the cofactor ofa

CRAMER’S RULE

Let A be an invertible n x n matrix. For any b iiitRe unigue solution x of

detA;(b)

Ax = b has entries given by x=
detA

where i = 1,2, 3,... n and Ab) is the matrix obtained from A by

replacing column i by the vector b.
Proof
Denote the column of A by & a,... & and the column of the n x n identity matrix | by @ e;,... &,
If Ax =b then the definition of matrix multiplicath shows that
AliX) = Ale, & 6s,... X... g] = [Aey, Ae,... AX... Ag]
=[a, & b...a] =Ai(b)
by the multiplicative property of determinants
(det A) det | (x) = det A (b)
=> (detA) X; = det A; (b)

detAi(b)
= X =="—7
: detA

Determinant of a matrix can be obtained by the @ofamethodor by using the Cramer's rulBut now we are

Interested to show how to find the determinantesesal matrices by using Generating functions.

The matrices whose determinants we will be evalgatiave all 1's on the super diaggrias above the supper

diagonal ; and identical entries on each diagoakiv the supper diagonal, perhaps with the excemtfdhe first column,
2. DESCRIPTION OF THE METHOD

In this topic we will see how to get a sequence from the given imdiy calculating the determinant of each

upper left nxn square matrices of the given matik.matrices in this section will have 1's on thgpper,0’s above and
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identical entries on each diagonal below, perhaiffs the exception of the first column. Hence wel wijuate the fiterm
of the sequence with determinant of each uppernbeft square matrices of the given matrix. We begith a typical

example as follows

2 1 0 0 0O0O0
-2 21 00 0O
2 021000
Example 1: Suppose |-2 0 0 2 1 0 O 1)
Al 2 000210
|-2 0000 2 1
2 00 00 O0 2
-2 0000 OO
2 1 2 1 0
be the given matrix with upper left square sub 'maﬂ(Z),(_z 2),(—2 2 1)
2 0 2
Now we want to evaluate the upper left corner deiaints as follows
2 1_ |2 ! 521
|2|=2,|_2 2|=6, —22 3 ;:14, e =30
-2 0 0 2
where the fisuch determinant will be denoted by> 1
One way to determine say[3 as follows, consider the system
1 00 0 0Ya 2
2100 0f|a,| |-2
0210 0|a|=|2 @)
002 10|a| |-2
000 2 1)\a 2

where the right hand side is the first column fribva original matrix of (1) for n=5

By crammer’s rule and properties of determinants have
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1 000 2

21 00 -2

0210 2

0 0 2 2 -2

0002 2 . .

as = 1000 = 62 In general by induction we have=a(-1)""'D,, 3

2100
0210
0 0 21
0 0 0 21

Now let us introduce the generating functions far tolumns of (1) and rewrite it as (2) we getdistem

1 0 0 0 0 0O a, 2

2X X 0 0 0O O a, - 2X

0 2 x¥* 0 0 O a, 2x*

0 0 2x* x¥* 0 O a, | |-2¢ 4)
0 0 0 2x* x* o a, |=| 2x*

0 0 0 0 2x* %x° a, | |-2x°

Then the right hand side has a generating function

2—2x 4+ 2x% —2x3 +...= =

1+x

and except the elements on the main diagonal dirgtematrix of left side of (4),
The first column has a generating function C(x)x= 2
The 2%column has a generating function xC(x) £ 2x

The 3° column has a generating functiofCxx) = 2%

Letting A(X) = ajt+& x+ag x? as the generating function for the sequefieg a, 8,.) and summing on both

sides of (4) we get

A(X) + a; C(X)+a XC(X)+8 X2 C(X) +... = I—)

1+x

=> A(X) + C(X) (a1 + @ Xx+a X° ") =——

1+x

=> A(X) + AK) C(x) =

“1+x

=> AKX) == (1+C() =(2) (50 =1 + o = —

1+x/) “42x’ T 142x | 14x  142x  1+x
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=> [X"] A(X) = 4(-2)"-2(-1)"= (-1)"(4%2"-2)=(-1)"(2"*2)
=> g = (-1)'(2"?-2)

=> g,= (-1 *(2""-2)..... (5)

Equating equation (5) and (3) we have

D,=2"12=2(2-1) = ( 2,6143062126,...,00n=1

1 10 0 0 0O
-11 1 0 0 0O
1 011000
Example 2: -1001100 1)
A= 1 000110
|-1 000011
1 00 O0O0O01
-1 0 00 0 0O
1 10
_ _ o 1 1
(1) is a given matrix with upper left square mat[rl]g 11/ -1 1 1j,..
1 01

Now we want to evaluate the determinant of the ujgfecorner matrix as follows

1 10 0
PR TR LN I HS T TSR R
1] =1=D,, |=2=0D,[-1 1 1|=3=D, =5=0D,,
-1 1 Lo 1 1 01 1
-1 00 1

The " such determinant is denoted by. ®ne way to determine one of these sayisis follows. Consider the

system
1000 OYa) (1
1100 0fa| |-1
0110 0[al=]1 @)
001 10[al|-1
0001 1)a) (1

Where the right hand side is the first column fritv@ original matrix of (1) for n=5

By Cramer's rule and the properties of determinamtshave
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1000 1

1100 -1

0110 1

0 01 1 -1

0001 1 _ .

as = 10 0 0 =8 = D; In general by induction we havg=(-1)"*D, (3)

1100

0110

0011

0 0011

Now let us introduce a generating function for ¢b&imn of (1) and rewrite it as (2). Then we get slystem

1 0 0 0 O a, 1
X 0O 0 0 O a, - X

0 x¥ x¥¥ 0 0 O a, x?

x 0 x* x* 0 0 a, | |-x° )
0 x* 0 x* x* 0 a, |=| x*

x> 0 x* 0 x* x° dag| |-x°

Then the right hand side of (4) has a generatingtfan

1
X+ -+ X+ =—
1+x

And, except the elements on the main diagonalefitet matrix of left side of (4),

X
2

The first column has a generating function C(xp=x&+ X2+ X’ +... =-

The 2“column of has a generating function x C(x)=+x* + x°+...
The 3% column has a generating function3(x) =x¢ +x° +x” + ...

Letting A(X) = a+ ax+ & x?+... as the generating function for the sequefag &, a.. y and summingn both

sides of (4) we get

1
A (X) + a (xBCHCH.. ) + ax (XBCHCHK ) + @ (X HCHCHK+...) = Trx
+ X
e AN +a 1 ‘ax X + axd 1 . - 1
- 1-x? 1-x? 1-x* 7 1+X
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1
=AX) +A (X = —
(x) ()1_)<2 1+ x

1-x2 _ 1-x  _
(1+x)(1+x—x2)  1+x—x2

1-2x+3%- 5C+8X*+...

= AKX =

Forn>1, [x”JA(x) a = (-1)" Fos (5)
Where F is the n" Fibonacci number=> Equating (5) and (3) we get

D,=FE,On>1

Note]x"| Given a generating function A(x) we (188 A(x) to denote @ the coefficient of X.()

Proposition

If we consider the following infinite matrix with'd.in the supper diagonal

u, 1.0 0 0 0 O
u v, 1 0 0 O
u, v, v 1 0 0 0 . . . (6)
u, v v, v 1 0 0 . . .
A= u, v, v; v, v, 1 0
Ug Vg Vv, vy v, v, 1

Let U (x) = z unxn and V (x) =Zan“ be the generating functions for the sequence

n=0 n=1

U, Up, Wp ... And v1, y... respectively

U(x =
fAKX)=——"— :Z a,.,X" then a=(-1)"" D, and 1+xA (-x) is the generation function of.D
1+V(¥) =

Proof

1 0 0 0 0O O a U,
v, X X 0 0 0O 0 . a, u, X
x> ¢x* x* 0 0 0 . . .[la| |ux
v ox® ex* xX* 0 0 a, | |ux® *)
v,x* cx* oxt cxt x* 0 a, |=|u,x*
v,x> x> cx° ¢, x° ¢x® x° ag | |ux®
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Summing on both sides of (*) we get A(X);MAX) +a x V(X) + ax?V(x) +... = U(X)
SAX+FAX)V(X)=U(X)

U(x)
1+V(x)

=>AKX QA+V(X) =U (X) =>AKX) =

Now from (6) we have P=u,, D, =Uv; -y = U; =Upv1 —D;and from (*) ua, +& =w&a; =Uy = Vil +& = WV,
—D, = & =-D,similarly & =Dz and continuing inductively and if x = 1 in (*) ftlhe nxn case we have by Cramer’s rule as

we have seen abovg=a(-1) " D, where [ is the determinant of the nxn upper left corndr satrix of (6).
ie.Di=a, Dy=-, D3=a&, D, = -a...
Let A(X) = ataxX + ax® + ap+...
= A(-X) = a-aX +ax’ — ap +...
= XA (-X) = aX-ap X*+ag® — a*+...
= 1+XA(-X) = 1+ax-ax’+ag-ax +ax’+... =1+DX+Dx*+DaC+Dax*+ ...

= 1+xA(-X) is the generating function for,Dwhere g=Dy = 1

1 1. 0 0 0 OO
-1 2 1 0 0 0 O
1 021 0 0O
-1 2 0 2 1 00
Example: If 1 020 2 10 (1)
A=
-1 2 0 2 0 2 1
1 02 0 2 0 2
-1 2 0 2 0 2 O
Then
1 1 0 0
o 1 11 _ ., _ 11 0_ _ -1 2 1 0]_ _
11=1=D,| |=3=D,[-1 2 1|=7=D, =15=1Djp e
-1 2 1 0 2 1 0 2 1
-1 2 0 2

Dy = 2Dy+1

Are the determinant of some nxn upper left corndr matrices one way to determine say B as follows.

Consider the system
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100 0 0Ya) (1
2 1000|a| |-1
02100]a|=|1 @
2 021 0[a| |-1
0202 1la) (1

Where the right hand side is the first column fritv@ original matrix of (1) for n=5

By Cramer’s rule and if two columns are interchahtiee determinant changes only sign. Then, we have

1 000 1
210 0 -1
0210 1
2 0 2 1 -1
0202 1
as = =31 = D in general by induction we havg=-1) "* D, 3)

O N O DN B
N ODN K- O
o N P O O
N B O O O

Now let us introduce the generating functions far ¢olumns of (1) and rewrite it as (2) we getshstem

1 0 0 0O O a 1

2x X 0 0 0 O a, - X

0 2x* x* 0 0 O a, x?

2x* 0 2x* x¥* 0 O a,| |-x° @
0 2x* 0 2x* x* 0 a |=| x*

2x*> 0 2x* 0 2x° x° a, | |-x°

. : . 1
Then the right hand side of (4) has a generatingtfon U(x) = 1-x+%-x>+... = ——

1+x

And except the elements on the main diagonal ofitkematrix of left of (4),
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i.e excluding thel's on the main diagonal of (4&, f'column has a generating function

2X
1-x

V(X)=2x+25C+2x°+... = 5

The 29 column has a generating function xV(x)

The 3% column has a generating functiofvxx)

letting A (X) = a+ ax + ax+ as the generating function for the sequetica, @, a...) and summing on both

sides of (4) we get

AK) + 2X +ax 2X + ax 2X . 1
1-x? 1-x? 1-x*  1+x
1
1-x 1-x? 1 + U(x
=A(X) = _ - . _1rx o U
1+2x— X 1+2x-x"\1+x) oz 1+V(X)
* here A(X)=a+apx+agx’+apCt...
=> A(-X)=ay-apx+agx’-apC+..
=> XA(-X) = ax-apx’+ag-ax’+...
1+X
= A(-X) = >
1-2x-x
A X+ X2
=SXA(X)= —
1-2x— X2
=1+ A(- ) _x+x2+1—2x—x2
XALX 1-2x-x2
1-x
= LHxA(X) = ——————
1-2x—x
2 3.4 1-x
= 1+X A(-X)=1+aX-aX +agX -ayX o
1-2x—x
2 3 4 1-x
=1+DyX+DoX“+D3x"+DyX +...=—2
1-2x-x
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1-Xx
1-2x—x°2

Here U(X) = L
1+x

Example: If 16

25
36
49
81

A=

Then

|1|=1=Dl,|1 }|=

Dn+1= _Dn+2(_1y1+2

N e e e

P P PP PP PO

_3 = Dz,

is the generating function for,here g=1=D,

2X
and V(x) = in closed form.

1-x°2

(1)

B P PP PP OO
B P P PP OOO
B PRk RP OOOOo
P,k OOOoOOoOo

1 10
4 1 1

O W
O N e
Y =)

Are the determinant of some nxn upper left corndr matrices one way to determine say B as follows.

Consider the system

B R R R
Y = =
R B P, OO
B P, O O O
m O O O O

1

4

9 2)
16

25

Where the right hand side is the first column fritv@ original matrix of (1) for n=5

By Cramer’s rule and if two columns are interchahtfe determinant changes only sign. Then, we have
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1 000 1

1100 4

1110 9

11 1 1 16

11 1 1 25 _ . .

as = 10 0 0 =9 = D; in general by induction we havg=-1)"* D, 3)

1100

1110

1111

1111

Now let us introduce the generating functions far tolumns of (1) and rewrite it as (2) we getsistem

1 0 0 0 0 O O a 1

x x 0 0 0 O A a, 4x

¥ x¥* x* 0 0 0 Aa ox? 4)
X x* xX* x* 0 0 Ja, | |16x°

¥ xt xt x* xo0 . ag |=|25x*

X X X X X ag| | 36x°

1+x
Then the right hand side of (4) has a generatingtfon U(x) = 1+4x+9%+16x+... = W
- X
And except the elements on the main diagonal ofitkematrix of left of (4),

i.e excluding thel's on the main diagonal of thet finatrix of left of (4), the *column has a generating function

X
V(X)=x+x2+x3+.. =———
1-x

The 29 column has a generating function xV(x) &x+...

The 3% column has a generating functiofvx)

letting A (X) = a+ ax + ax+ as the generating function for the sequetica, @, a...) and summing on both

sides of (4) we get

A +a v ax S aaxd X4, = 1TX
1-x 1-x 1-x a—Xf
= AX) + (a; + azx + azx? + ) X _1+—X
1 2 3 1% (1—)()3

Impact Factor(JCC): 2.7341 - This article can be danloaded from www.impactjournals.us




| 52

Masreshaw Walle Abate

X 1+x

A 1 =
= AWM+ Tl

= A)[1+ VX)]=U(X)

Ux)
1+V(x)

= Alx) =

Mhere Alx) Za+axtatancs _1+x 0 1+x
ere A(X) =g+apX+agX+ayXx ”'_(1—X)2_1—2X+X2

1-x

= A (-X) =ag-apx+ax>-at... = —————
1+ 2x + X2

1-x . x=x
1+2x+ x> 1+2x+Xx

=> XA(-X) = ax-apx?+apx-ax*+...=x( 5

= 2 2
+2X+ X"+
1+x A(-X)=1+ax-ax’+aex’-aX+....= 1+2X+ X"+ X—X

@+ x)?
s a4 12X+ XPH+x-XT 1+3X
=1+DX+DoX“+D3x"+D X" +...= > = >
@+x) @+x)
2 3 4 1+ 3x . . .
= 1+X A(-X)=1+ax-aoX +agX -ayX +....=W is the generating function for
+ X

D,where g=1=D,

1+X X .
Here U(X) =———— and V(x) = in closed form.
@-x) 1-x

1+3x 1 3X . a1 R . i
Q)7 @rn? Qx| e DT O (LT R

1455, (- D™ 2n - Dx”

=D, =(-1)™'(2n—-1)vn =1 And Dy=1
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